Let P Q denote the set of n ∈ N such that n is a product of two primes with gcd(n, ϕ(n)) = 1 where ϕ is the Euler function. In this article we aim to find n ∈ P Q such that any imprimitive permutation group of degree n is multiplicity-free. Let R denote the set of such integers in P Q. Our main theorem shows that there are at most finitely many Fermat primes if and only if |P Q − R| is finite, whose proof is based on the classification of finite simple groups.
We have to mention that our main theorem owes much to the classification of transitive permutation groups of prime degree by W. Feit (see Theorem 3.3), which is based on the classification of finite simple groups.
We shall mention what makes us focus on P Q.
Let G denote a transitive permutation group of a finite set Ω . Then G acts on Ω × Ω by (α, β)
where (α, β) ∈ Ω × Ω and x ∈ G. It is well known that the set of orbits under the action of G on Ω × Ω forms an association scheme called Schurian, and it is commutative if and only if the permutation character associated with the action of G on Ω is multiplicity-free (see [1, 16] or [17] for the basic concepts of association schemes). Originally, our motivation is derived from commutativity of association schemes. In [8] it is proved that each association scheme of prime order is commutative. In [5, 6] , partial results for commutativity of association schemes of prime square order are obtained. So, it is natural to ask about commutativity of association schemes of order in P Q, while it is still open that each association schemes of prime square order is commutative.
Let MF denote the set of n ∈ N such that any transitive permutation group of degree n is multiplicity-free.
Remark that each prime or prime square is a member of MF and the order of a nonabelian group is not a member of MF . In this sense P Q seems to have nontrivial cases in determining members of MF .
Here we notice that P Q ∩ MF ⊆ R ⊆ P Q, and both inclusions are proper by the following examples: Example 1.1. If r + 1 is a Fermat prime, then PSL 2 (r) SL 2 (r) has a subgroup H isomorphic to AGL 1 (r), and H has a subgroup L of index p where p is an odd prime divisor of r − 1. The action of PSL 2 (r) on the right cosets of L induces an imprimitive permutation group of degree p(r + 1) which is not multiplicity-free (see Lemma 3.6 for the proof). The graph obtained by an orbital under this action is known as Marušič-Scapellato graphs (see [13] ). Example 1.2. According to [2] PSL 2 (13) has a subgroup of index 91, and the induced action is primitive but not multiplicity-free. In [12] the primitive permutation groups of square-free degree are classified, and in [14] the vertex-primitive graphs of order a product of two distinct primes are classified. Thus, it remains to enumerate multiplicity-free permutation groups among the classification list.
As a combinatorial interest derived from this topic we refer [10] to introduce a special case of generalized conference matrices.
Let m, n ∈ N. We call an n × n matrix M a generalized conference matrix over
if all diagonal entries of M are zero, each nondiagonal entry of M belongs to C m and MM t is a scalar of the identity matrix whereM t is the transposed and conjugate matrix of M. Let M denote a symmetric generalized conference matrix of degree n over C p where p is a prime. Then we can construct imprimitive association scheme of order pn (see Propositions 4.3 and 4.4), which generalizes the association schemes derived from the group action given in Example 1.1.
In Section 2 we prepare notation and basic results, in Section 3 we prove our main theorem. In Section 4 we will show a way of the above construction.
Preliminaries
We use the same notation on permutation groups as in [3] and that on association schemes as in [17] .
Let G denote a group acting on a nonempty finite set Ω . For each g ∈ G we denote by g
that they are the image and kernel of the action, respectively. 
g , and, hence, gag 
The following is obtained by applying [11] Let X denote a nonempty finite set and r a subset of X × X.
According to [17] we give terminology related to association schemes. We set r * := {(x, y) | (y, x) ∈ r} and xr := {y ∈ X | (x, y) ∈ r} where x ∈ X.
Let S denote a partition of X × X which does not contain the empty set. Then we say that (X, S) is an association scheme or shortly scheme if it satisfies the following conditions:
(iii) For all s, t, u ∈ S and x, y ∈ X, |xs ∩ yt * | is constant whenever (x, y) ∈ u. For each s ∈ S we denote by σ s the adjacency matrix of s.
In [16] the complex product TU of two subsets T, U ⊆ S is defined as follows:
We say that t ∈ S is thin if |xt| = 1 for each x ∈ X.
Lemma 2.4 ([16, Thm. 1.2.7]). If t, s ∈ S and t is thin, then ts (resp. st) is a singleton.

A nonempty subset
For each closed subset T of S we define X/T := {xT | x ∈ X} and S/ /T := {s Let (X, S) and (Y, T) denote association schemes.
We define S × T := {s × t | s ∈ S, t ∈ T} where
is an association scheme called the direct product of (X, S) and (Y, T) (see [17, Thm.
7.2.3]).
For each s ∈ S we definē
For each t ∈ T − {1 Y } we definē
Then (X × Y, S T) is an association scheme called the wreath product of (X, S) by (Y, T) where
Following [7] we obtain the following remark easily:
Remark 2.3. If (X, S) and (Y, T) are commutative, then both of (X × Y, S × T) and (X × Y, S T) too are.
Proof of our main theorem
In this section we assume that G is a transitive permutation group of Ω with a nontrivial block ∆ where |Ω| ∈ P Q. Then G acts transitively on the system Σ of blocks containing ∆, i.e., Σ := {∆
We denote the kernel of the action by K, and the socle of K by N.
Here we remark that |Ω| = |∆||Σ | so that both |∆| and |Σ | are odd primes, and K = 1 if and only if N = 1.
First, we will consider the case where K = 1. 
It follows from Lemma 2.1 that Γ is a block for the action of G on Σ . Since |Σ | is a prime, |Γ | ∈ {1, |Σ |}.
We divide our consideration into the following cases: Since G acts transitively on Σ and |Σ | is a prime, we can take g ∈ G such that g Σ is a cycle of length |Σ |. We will show that L := N, g is multiplicity-free, implying that G is multiplicity-free by Remark 2. 
that N α acts transitively on Λ. Thus, the orbits under 
Since |Σ | is a prime, it follows that
Thus, there exists α, γ ∈ ∆ such that N α = g For the remainder of this section we assume that K = 1 and H is the socle of G.
Lemma 3.2. If H is not transitive on Ω , then G is multiplicity-free.
Proof. An orbit of H on Ω is a nontrivial block for G and H is contained in the kernel of the action of G on the system of imprimitive blocks. Therefore, G is multiplicity-free by Proposition 3.1. According to the classification of transitive permutation groups of prime degree we divide our consideration into the following: (1, 0, . . . , 0) , namely,
Remark 3.1. We have H (∆) ≤ H α ≤ H {∆} ≤ H, H (∆)
where o is the zero vector in If H (∆) = 1, then H (∆) contains the translation normal subgroup T, namely,
where I is the identity matrix in
by Theorem 3.3. But, we have |Σ | = r|∆| + 1, a contradiction to |Ω| ∈ P Q. We may assume that
where U is a subgroup of F (1, 2, 3) where c ∈ U. Then D ∈ H {∆} − H (∆) and P ∈ H − H {∆} .
We claim
Multiplying diag(1, c, c
. . , 1) ∈ H α to DP from left and right respectively we obtain P ∈ H α DPH α . Similarly, we obtain P ∈ H α PDH α . Thus, the claim holds. , and let
Then we see that the normalizer of L is
This implies that L is not maximal, and, hence, the action is imprimitive. Let
where c ∈ U. Then we can obtain that AB ∈ LBLAL = LBAL by direct computation. It follows from Remark 2.1 that the action is not multiplicity-free.
Proof of Theorem 1.1. By Lemma 3.6, the right-hand side in Theorem 1.1 is contained in the left-hand side. Let n ∈ P Q − R. Then there exists an imprimitive permutation group G of degree n which is not multiplicity-free. Let ∆ denote a nontrivial block for G and Σ := {∆ x | x ∈ G}. By Proposition 3.1 and Lemma 3.5, the socle H of G is isomorphic to PSL 2 (r) for some prime power r and the action of H on Σ is permutation isomorphic to the action of PSL 2 (r) on the set of projective points. Thus, |Σ | = r + 1 and H {∆} AGL 1 (r). Since |Σ | is odd, r is a power of two. This implies that Σ is a Fermat prime. Note that any normal subgroup of prime index in AGL (1, r) contains the translation subgroup. Thus, |∆| divides |H ∆ | = |H {∆} /H (∆) | which is a divisor of r − 1. Thus, n = |∆||Σ | belongs to the right-hand side of Theorem 1.1. Therefore, we conclude that the equality holds in our main theorem.
Combinatorial observation
Throughout this section we assume that (X, S) is an association scheme and T is a closed subset of S satisfying the following conditions:
(1) p := |T| = n T is an odd prime, i.e., T consists of a prime number of relations of valency one;
(2) |S/ /T| = 2, i.e., S/ /T consists of the diagonal one and its complement; (3) T is normal in S, i.e., Ts = sT for each s ∈ S; (4) (X, S) is not commutative.
These assumptions are derived from the association schemes given in Example 1.1. Proof. Note that
Note that the coefficient of σ s is equal to that of σ t * st = σ st 2 . Since t 2 generates T, it follows that all the coefficients of σ st are the same.
We claim that the coefficient of σ t with t ∈ T − {1 X } is zero. Otherwise, σ t σ s = σ s = σ s σ t , which implies that (X, S) is commutative, a contradiction to (4 The uniqueness follows from Lemma 2.4.
